We show that spin-orbit coupling (SOC) in InSe enables the optical transition across the principal band gap to couple with in-plane polarized light. This transition, enabled by px,y ↔ pz hybridization due to intra-atomic SOC in both In and Se, can be viewed as a transition between two dominantly s-and pz-orbital based bands, accompanied by an electron spin-flip. Having parametrized k · p theory using first principles density functional theory we estimate the absorption for σ ± circularly polarized photons in the monolayer as ∼ 1.5%, which saturates to ∼ 0.3% in thicker films (3 − 5 layers). Circularly polarized light can be used to selectively excite electrons into spin-polarized states in the conduction band, which permits optical pumping of the spin polarization of In nuclei through the hyperfine interaction.
I. INTRODUCTION
Two-dimensional (2D) materials, such as atomic layers of transition metal dichalcogenides [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and metal chalcogenides GaSe [12] [13] [14] [15] [16] [17] [18] [19] , GaTe [20] [21] [22] , and InSe [23] [24] [25] [26] [27] [28] [29] are attracting a lot of attention due to their promise for applications in optoelectronics. This is based on observations of their optical properties, which can differ strongly from those of their parent bulk materials, and which have demonstrated room-temperature electroluminesence 28 , strong photoresponsivity 23 with a broad spectral response 26, 27, 29 , and band gap tunability 24 . Recent studies of luminescence 30 and magnetoluminescence 31 in InSe have shown a strong dependence of the band gap on the number of layers, from ∼ 2.8 eV for the monolayer to ∼ 1.3 eV for thick films. These experiments have identified two main photoluminescence lines, interpreted 30 as a lower energy transition between bands dominated by s and p z orbitals (A-line) and hot luminescence, involving holes in a deeper valence band based on p x and p y orbitals (B-line). The band structure analysis of mono-and few-layer InSe [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] has revealed that the conduction and valence band edges near the Γ-point are non-degenerate, being dominated by s and p z orbitals of both metal and chalcogen atoms. Combined with the opposite z → −z (mirror reflection) symmetry of conduction and valence bands, this determines that the transition across the principal band gap has a dominantly electric dipole-like character, coupled to out-of-plane polarized photons. In contrast, the B-line is found to be related to the recombination of hot holes in a twice-degenerate valence band based on p x and p y orbitals, and this transition is strongly coupled to in-plane polarized light. These selection rules are important in understanding experimental observations of these transitions, in particular where the experiments are carried out at normal incidence or emission, since the polarization of the incident/emitted light is then necessarily parallel to the plane of the 2D crystal.
Spin-orbit coupling (SOC) in indium and selenium is capable of igniting additional transitions, accompanied by an electron spin-flip, with polarization properties and selection rules which differ from the selection rules for transitions in the absence of SOC, and which are determined by the angular momentum transfer from the photon to the spin of the e-h excitation. Here, we use k · p theory to show how SOC ignites spin-flip transitions between the conduction and valence band edges in monolayer InSe, coupled to in-plane polarized light, and we evaluate the optical oscillator strength in monoand few-layer InSe films, which corresponds to an absorption coefficient ∼ 1.5% in the monolayer, and ∼ 0.3% in thicker films (3 − 5 layers).
II. MONOLAYER
To analyse the effect of SOC on the band-edge states and their optical properties in the vicinity of the Γ-point in monolayer InSe we amend the k · p Hamiltonian of Ref. 39 by including atomic SOC, λL · s, leading to interband (p x /p y ↔ p z ) mixing, 
Here, we use a basis of spin up/down states, µ ≡ s ·ê z = ± Table  I . Band c is the lowest energy conduction band, with its quadratic Γ-point dispersion described by an effectivemass single-band Hamiltonian, H c . The highest-energy occupied band, v, has a maximum offest from Γ in the monolayer [33] [34] [35] [36] 40, 41, 45 , and we therefore describe the band with a 4th order polynomial, H v . The next-highest energy valence bands, v 1 and v 2 , are dominated by p x , p y orbitals, and are twice-degenerate at Γ. We therefore represent the bands using 2-component Hamiltonians, H v 1 (2) , written as matrices in a space of p x and p y orbitals, with 1 σ an identity matrix, and σ x,y,z the Pauli matrices. The values of the k · p parameters listed in Table II are determined 39 from fitting to DFT dispersions without SOC near Γ. The dispersions of these bands coincide with the DFT-calculated Γ-point dispersion of InSe bands [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] , but with the band gap corrected by a 'scissor correction' adjustment to the bands 39 . The factors eβ 1 (2) cm e , are couplings of the spin-conserving v 1 → c interband transition (B-line), and of the transition between bands v and v 2 49 , respectively, to in-plane polarized light described by vector potential A = (A x , A y ), with β 1(2) = | c(v)| P |v 1 (v 2 ) | the magnitude of the interband matrix element of the momentum operator. The matrix element E z d z accounts for electric dipole coupling of the c ↔ v transition to out-of-plane polarized light, where d z = e c| z |v is the z-component of the interband dipole operator. Similar band structure properties have been found in monolayer GaSe [50] [51] [52] [53] [54] . In the spin space, 1 s is an identity matrix, while s x,y,z are spin operators, with the 'vectors',ŝ = (s x , s y ) andŝ T = s x s y , introduced to achieve a compact form for representingĤ. Parameters λ v 1(2) are intraband SOC constants for band v 1 (2) , determined by the atomic orbital compositions of the bands and atomic SOC strengths, while λ v,v1 and λ c,v2 take into account SOC-induced hybridization between v and v 1 , and between c and v 2 , respectively.
In calculating the latter parameters, we compare the result of diagonalization ofĤ in Eq. (1) with density functional theory (DFT) calculations for InSe with SOC (VASP code 55 in the local spin density approximation) and without SOC. We employed a plane-wave basis with a cutoff energy of 600 eV and the Brillouin zone was sampled by a 24 × 24 × 1 grid for monolayer InSe, followed by a 'scissor correction' adjustment of the band gap, described in Ref. 39 .
Atomic SOC splits 38,40 the otherwise 34,39 degenerate bands at Γ (v 1 and v 2 ) into pairs of states with projections J z = ± 3 2 and J z = ± 1 2 of total angular momentum, J = L + s. The 'spin-flip' part of atomic SOC, L ± s ∓ , hybridizes the lower branch of v 1 (J z = ± 1 2 ) with v, to the measure determined by the matrix element p z | L ± |p x,y of the angular momentum operator acting between the orbitals of the same atoms contributing to the v and v 1 band states. This pushes v higher in energy and reduces the band gap. It also hybridizes v 2 with c, but the associated shift appears to be much smaller, due to a larger energy separation between these two bands. There is no mixing between c and v 1 or between v and v 2 as the symmetry of these bands under σ h reflection requires c|
(1) and comparing the band energies with those found from DFT with SOC, Table II , we find that λ v1 ≈ λ v2 ≈ 0.30 eV and λ v,v1 ≈ 0.25 eV. The SOC-induced changes to the band energies at Γ are illustrated in Fig. 1 , showing good agreement between the DFT and k · p bands. Note that inspection of the wavefunction decomposition of the conduction band edge with SOC shows a negligible (< 0.1%) contribution from p x,y orbitals (which are present due to the hybridization of c and v 2 ), so we neglect the effect of λ c,v2 in our analysis, and use the conduction band edge as a reference energy, set at 0 eV. In contrast, v − v 1 hybridization is retained in the model as a significant effect. We find that perturbation theory overestimates the weight of v 1 band p x , p y orbitals admixed into v,
as compared to |δC v (v 1 )| 2 = 0.13 found from numerical exact diagonalization of the Hamiltonian in Eq. (1).
In the absence of SOC, the coupling of the principal interband transition, v ↔ c, to in-plane polarized light is forbidden due to the opposite symmetry of c and v under σ h , and also due to the lack of an orbital angular momentum difference between the bands. The coupling of v to the lower branch of v 1 by SOC relaxes this selection rule, allowing coupling to in-plane polarized light. The transitions will be between total angular momentum states v 
where A ± = A(x ± iŷ)/ √ 2 correspond to the vector potential of σ ± circularly polarized light, and |C v (v 1 )| 2 is the weight of p x , p y orbitals from v 1 admixed in the dominantly p z orbital based v-band wavefunction. The oscillator strength of such transitions can be estimated as β sf = |C v (v 1 )|β 1 ≈ 0.4 /Å leading to the absorption coefficient 39 for σ ± light incident perpendicular to the 2D crystal, 
0 eV 
III. MULTILAYERS
Going on from the monolayer [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] to N -layer films, interlayer hopping between successive layers of InSe splits each band into N subbands, as studied earlier using DFT and tight-binding calculations 31, 33, 39 . At the Γ-point, v 1 and v 2 split very weakly, whereas c and v, which are dominated by s and p z orbitals on In and Se, exhibit a much stronger splitting. This moves the valence band edge (the top sub-band of v) further away from v 1 , reducing the effect of SOC on the band edge states. This weakening in the effect of SOC, anticipated from a perturbation theory analysis similar to Eq. (2), reduces the oscillator strengths of the spin-flip interband transitions. To describe quantitatively the spin-flip transitions in a multilayer film we employ a hopping model for few-layer InSe,
Here, the operator a ( †) nαµ annihilates (creates) an electron in band α, spin state µ = ± 1 2 , in layer n of the N -layer crystal. The sum over α, α runs twice over the bands included in the monolayer HamiltonianĤ in Eq. (1), and H αµ,βµ are the matrix elements ofĤ between band α with spin projection µ and band α with spin projection µ . The parameters t c ≈ 0.34 eV, t v ≈ −0.42 eV, and t cv ≈ 0.29 eV are interlayer hoppings, and δ v ≈ −0.06 eV and δ c < 0.01 eV (which we neglect as it is much smaller than the interlayer hoppings) are onsite energy shifts due to interlayer potentials; all of these were determined from fitting of the Γ-point energies obtained from Eq. (5) to the DFT sub-bands in 2-5 layer InSe 39 . Diagonalization ofĤ (N ) allows us to find the wavefunction and hence the N -dependence of the absorption coefficient for inplane polarized light for the optical transition across the principal band gap of N -layer InSe;
where m c (N ) and ω(N ) are the N -layer conductionband effective mass and band gap, respectively, and |δC N v (v 1 )| 2 is the total weight of all p x , p y orbitals from sub-bands of v 1 admixed by SOC into the highest energy valence sub-band. Overall we find
see Table III . This compares with an increase in
• ] from 3.7% in the monolayer to ∼ 15% for large N , and with a roughly constant g B(σ ± ) (N ) ∼ 10% absorption for the B-line 39 .
IV. NUCLEAR SPIN PUMPING
The excitation of electrons into µ = ± ) and for coupling to the out-of-plane dipole transition for a photon incident at an angle θ ≈ 45
• to the crystal (g A(Ez) ), taken from Ref. 39 . it can recombine without spin-flip with the photoexcited hole, with a similar cycle to be repeated following the absorption of the next σ − -polarized photon. A strong contribution of an indium s orbital to the conduction band states presents the possibility of a strong coupling between the electronic spin and In nuclear spins. The most common isotope of indium, 115 In, has a nuclear spin I = 
V. CONCLUSIONS
In conclusion, we have used a k · p model to show how spin-orbit coupling in mono-and few-layer InSe allows coupling between the principal interband transition and in-plane polarized light, accompanied by a spinflip, with the coupling at its strongest in the monolayer, g A(σ ± ) ∼ 1.5%, saturating to g A(σ ± ) ∼ 0.3% for 3 − 5 FIG. 2 . Schematic of spin-pumping into In nuclear spin polarization -an electron excited by σ − -polarized light goes into a spin-down state in the conduction band, and can recombine by emission of another σ − photon. After the electron flips its spin via hyperfine interaction with In nuclei, it can then recombine with the photoexcited hole by emitting an out-of-plane polarized photon, leaving the angular momentum imparted in the nuclear spin of the In atoms.
layers. We would expect a similar effect in the other III-VI semiconductors, such as GaSe, with the strength primarily determined by the SOC strength in the group VI atoms. Electrons, excited selectively into spin up/down states in the conduction band using σ ± -polarized light, can transfer their spin angular momentum to the In nuclei , allowing for optically induced nuclear spin polarization. The k · p model presented here can be amended to include the effect on optical transitions in few-layer InSe of an applied displacement field in a dielectric environment, through changes to the onsite band energies and coupling to states in the dielectric environment, and this will be addressed in future work.
